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ABSTRACT 
Over the past few years, replacing the hydraulic servo actuators with their 
electrical counter parts for robotics and remote handling systems has been an 
active field of research. These systems are of particular interest for tasks involved 
with the US Department of Energy, where the level of radiation exposure is high 
and the tasks are highly repetitive. With the hydraulic servo actuators, one is 
concerned with the issues like the high complexity, cost of the system and the 
difficulty of maintenance of the system. For high payload operations, the 
hydraulic systems provide an order of magnitude increase in the power density, 
which is almost impossible to achieve using the electrical servo actuators. Hence, 
for the electrical servo actuators to be used for high payload operations, the 
fundamental issue concerning the power and torque density must be addressed.  
Previous research conducted on this front suggested the use of a variable speed 
transmission system to spread the servomotor’s torque-speed characteristics 
across a wider output speed range. This has the effect of allowing smaller high 
power motors to also deliver high torques at low speeds. By using a variable 
speed transmission, the motor size can be reduced dramatically while increasing 
the overall actuator power density in the process. This work goes further into the 
detailed design of the discrete variable transmission system. A three-stage 
planetary gear transmission system is considered for the analysis and design. 
 iv 
 
With the use of the three-stage planetary gear transmission, there are a 
complex and varied design issues involved. Selecting a configuration for the 
transmission is the first question to be answered. With the given configuration, 
and the ratios required the individual gears have to be sized accordingly. Other 
design elements involve the design of the shafting, achieving the desired 
configuration, bearings, housing and the design of a gear shifting mechanism. A 
detailed kinematic and dynamic analysis of the entire gear system is required for 
the design of the various components mentioned above. Analytical results are 
presented along with a computer-aided analysis of the work using the Pro-
Engineer design and analysis software. Future work on this will be to turn this 
into a commercially available system, which comes down to optimizing the 
current design. Possibilities of optimization for the current design will be 
identified. A discussion on the prototype evaluation of the transmission system 
along with a sample test result is presented. 
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GLOSSARY 
 
Symbol                            Explanation 
ωC            Angular velocity of the carrier 
ωR          Angular velocity of the ring gear 
ωS          Angular velocity of the sun gear 
ωP           Angular velocity of the planet 
TS Number of teeth on the sun gear 
TP Number of teeth on the planet gear 
TR Number of teeth on the ring gear 
τS Torque on the sun gear 
τL Load torque 
τB Brake torque 
τRR Reaction torque of the ring gear 
τRC Reaction torque of the carrier 
FPS Contact force at the sun-planet mesh 
FPR Contact force at the planet-ring mesh 
FCP Force that the carrier puts on the planet 
rTH Thickness of the ring gear 
rS Radius of the sun gear 
rR Radius of the ring gear  
JS Inertia of the sun gear 
JP Inertia of the planet 
JC Inertia of the carrier 
mP Mass of the planet 
 ix 
 
•
Sω  Acceleration of the sun gear 
•
Rω  Acceleration of the ring gear 
JR Inertia of the ring gear 
D Diameter of the solid shaft 
T Torque carried by the shaft 
NFS Factor of Safety 
SYP Yield strength of the material 
Dre Minor diameter of the external spline 
L Length of the spline 
DP Pitch diameter of the spline 
RD Diameter ratio of the shaft 
D1 Operating pitch diameter of the gear 
Mp Mass of the payload 
Ma Mass of the arm 
g Acceleration due to gravity 
mg Gear ratio 
θ Position of the arm 
t Time 
••θ  Acceleration of the arm 
rP Radius of the planet gear 
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C h a p t e r  1  
Introduction 
 
 
1.1 Background Information 
Robotics is the science and art of performing tasks by means of an 
automatic apparatus or device, functions ordinarily ascribed to human beings, or 
operating with what appears to be almost human intelligence[1].  The automatic 
apparatus or device used to perform the task is called a robot. Basically a robot 
may consist of a mechanical device such as a wheeled platform, a manipulator 
arm or other construction devices capable of interacting with the environment, 
sensors on or around the device that are capable of sensing the environment to 
give useful feedback information and systems that process the sensory input the 
context of the device's current situation and instruct the device to perform actions 
in response to the situation. Designing, building, programming and testing a 
robot is a combination of physics, mechanical engineering, electrical 
engineering, structural engineering, mathematics and computing. In some cases 
biology, medicine, chemistry might also be involved. 
A manipulator arm is a system of structural members connected together 
by joints. The typical joints are prismatic and revolute type. Manipulator arms 
imitate the human arm in appearance and functionality. They are comprised of 
shoulder, elbow and wrist and they have a pitch, roll and yaw motion. The 
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shoulder is the highest load-carrying joint of the manipulator arm and   also it 
offers the widest range of motion possible. It provides the overall orientation of 
the manipulator. The elbow provides the radial extension or the reach and the 
wrist provides the final orientation of the end effectors[2].  The envelope on the 
3D space that the manipulator can reach is referred to as the workspace of the 
manipulator. Figure 1 shows the configuration of TITAN3 manipulator. Each of 
the joints in the manipulator receives power for their motion from the actuators. 
Actuators may be electrical, hydraulic or pneumatic type. There is a great deal of 
research effort devoted to the developing more efficient and reliable robot 
actuators[3][4]. A detailed discussion of the various kinds of robot actuators is 
made in the section 1.2.  
Robots are used in diverse applications and hence the design and 
functionality varies with each task. Robots have several advantages over humans, 
which make them extremely suitable in industrial environments, hazardous mines 
and situations where the work is monotonous. Moreover they have the ability to 
consistently produce high quality products and to precisely perform tasks. Some 
of the applications of robots include, 
 
Figure 1 – Schilling Titan 3 Manipulator 
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9 Space exploration, where a human operator on the earth can control 
partially autonomous manipulators on the moon or other distant planets. 
9 Use of robotic manipulators by the U.S Department of Energy for 
decontamination and dismantling operations of nuclear wastes or toxic 
weaponry where human interaction is not possible. 
9 Virtual reality systems that are used to train and educate people. The main 
component of this system is the haptic interface that allows the user to 
feel the environment and to exert forces on it. 
9 Medical applications such as the robot assisted surgery, where a surgeon 
directs the robot to make controlled high precision incisions with very 
high accuracy. 
9 Industrial applications for automating production lines. Examples are 
welding, spray painting and other repeated operations performed by 
robots. 
Robotics is still a growing field of engineering and hence a huge amount 
of research is dedicated to several areas of robotics. Development of good 
communication between the sensors, computers and the robots is one of the 
significant problems in robotics[2]. Lack of common communication standards 
creates real problems when integrating robots and sensors into a work cell. 
Development of reliable and compact actuators that improves the performance of 
the robot manipulators is another area of active research[3][5]. Many problems in 
kinematics, dynamics of robot motion, perception of the environment from 
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sensory information, hybrid control of manipulators, navigation in unstructured 
environments and control of high flexibility robot links are yet to be solved[6]. In 
the recent years Haptics, which deals with providing the operator with force 
feedback from the environment, has become an active area of research[7]. 
 
1.2 Comparison of Robotic Actuators 
Actuators are the source of power for a robot. Typically they are linear or 
rotary actuators and they may be electrically, hydraulically or pneumatically 
actuated. Electrical actuators use the electric motor as a source of power. Power 
is transmitted to the joint of the robot through the transmission elements like 
belts and gears. Hydraulic actuators convert the energy supplied by the 
pressurized fluid into rotation or extension. The hydraulic fluid flowing through 
the actuator is generally controlled by electro magnetically actuated servo valves 
or by pumps. Pneumatic actuators use compressed gas as the source of power. 
The most common application of pneumatic actuators is the opening and closing 
of the grippers. Much research is focused on developing modern piezo-electric 
actuators and shape memory alloys as actuators[8][9].  The type of actuator used 
depends on the application for which it is required and the environmental 
conditions. So each type of actuator has its own advantages and disadvantages. 
 Designing actuators that are reliable and compact is essential in robotic 
applications. Power density (power to mass ratio) and torque density (torque to 
mass ratio) are important criteria in evaluating a robotic actuator. Hydraulic 
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actuators have a very high power and torque density, meaning they can produce 
very high power and torque with a low mass. But they are mechanically more 
complex and require periodic maintenance. Other problems with employing a 
hydraulic actuator is that they are expensive, they need a remote power source 
that uses large floor space and they have frequent leakage of the oil pipes.  These 
disadvantages are overcome to a great extent with electrical actuators. Moreover, 
electrical actuators are fast and accurate, relatively inexpensive and have the 
possibility to apply sophisticated control techniques to motion. One major 
disadvantage of electric motors is that they have a very low power and torque 
density. So to produce the torques required for high payload operations, the size 
and mass of the electric motors become very high. A detailed discussion on this 
topic can be found in [10]. Therefore electrical actuators are normally used with 
some type of speed reducers to amplify the torque of the electric motor. Even the 
speed reducer unit becomes huge to produce high torques with a reasonably 
small motor. Hence electric actuators cannot produce the torques on the level of 
what is achieved with hydraulics, in a given space. Because of this reason, 
systems in the high payload regions are often implemented using electro 
hydraulic actuators[11]. 
 
1.3 The Concept of Transmission Based Actuators (TBA) 
This section introduces the concept of the “transmission based actuators” 
for robot manipulators, originally introduced by Dr. Bill Hamel and T.C Widner. 
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The previous section addressed the issue of power and torque density of 
actuators. The main idea behind the TBA concept is the introduction of a variable 
speed transmission with the electric motors. With this, the torque-speed 
characteristics of the motor are spread over a wider output speed and torque 
range[11].  This allows the use of small high power motors to provide high 
torques at low speeds, thus extending the use of electric motors for high payload 
conditions such as the remote handling operations with the U.S Department of 
Energy.  
The motor – transmission combination can be selected based on the load 
requirements and the gear ratios can be optimized accordingly. When high 
torques are needed at the joint, for example the case when the payload is to be 
moved from rest where the inertial effects of the arm and the payload are high, 
the transmission can be operated at its first gear thus delivering high torques. 
When the torque requirement goes down torque can be traded for speed, unlike 
fixed gear reductions, which can serve only one purpose - either the torque or the 
speed requirement. A graphical representation of this is shown in the Figure 2. 
The first graph shows the changing gear ratios with time. The second plot is the 
representation of the torque-speed characteristics of the joint in each gear. The 
first gear is engaged to move the joint from rest or other similar loading 
conditions. The lower gears are used when the torque requirement goes down, 
offering a speed increase. A motor-transmission combination can be utilized at 
each joint (commonly known as the distributed actuation) according to the load  
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 Figure 2 – Torque-Speed Relations 
requirements of the joint, thus eliminating the need for transmission elements to 
transmit the power from the actuator to the corresponding joints, as in the 
centralized actuation.   
The TBA can be thought of as several single stage transmission units 
built into a single unit. Hence different types of loading conditions can be 
accommodated which makes the system robust. The advantages of the system are 
multiplied when it is allowed to change gear ratios during the joint motions. This 
concept can be considered analogous to an automobile transmission.  
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1.4 Scope of this Work 
Previous work by Dr. Bill Hamel and T.C Widner[11] was a pioneering 
effort into introducing the concept of transmission-based actuators. Feasibility 
study of TBA using the Advanced Servo Manipulator as the baseline was 
performed. Centralized vs. Distributed actuation was studied and the various 
control aspects of the TBA were identified. A Discrete Variable Transmission 
(DVT) and a Continuous Variable Transmission (CVT) were proposed for TBA. 
Preliminary design alternatives for the DVT and CVT were examined. This work 
is primarily focused on developing the prototype for the TBA. The design of the 
discrete variable transmission is considered in this work. In a general sense, this 
thesis work will be focused on the conceptual design, detailed design and the 
analysis of the DVT system. The design of the DVT system will begin by 
defining the design requirements and finish with an assembled transmission 
prototype unit ready for the testing. Some of the specific tasks will be the 
detailed design of the gear train components, finite element model of the brake 
linkages, a Pro/E dynamic model of the transmission system and finite element 
model of the gear teeth based on the forces obtained from the Pro/Mechanica 
motion results. Finally an effort is made to provide information for optimization 
of the system that will lead the way to future research. The ultimate goal is to 
optimize the DVT system, so that it can replace the hydraulic manipulators for 
almost any kind of loading condition. 
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C h a p t e r  2  
Concept Of Discrete Variable Transmission 
 
 
The first chapter was an introduction to the concept of transmission-based 
actuators, and a discussion on the types of TBA was presented. This chapter talks 
about the DVT in more detail. Requirements for the detailed design and 
conceptual design of the DVT, components of the DVT and the issues involved 
in designing the prototype will be presented. 
 
2.1 Baseline Requirements 
The concept of transmission-based actuators was introduced in the 
chapter one and the main idea behind this research was to develop a TBA that 
could match the performance of a hydraulic actuator for high payload conditions. 
The schilling TITAN 3 manipulator, used in the decontamination and 
dismantling operations by the DOE is used as the baseline for the performance 
evaluation of TBA. As described earlier, since the shoulder is the highest load-
carrying joint, the design was set to meet the load requirements for this joint. The 
size requirement on the TBA is yet another issue to be considered. The entire 
system should be designed to fit in an enclosure 5”x4”x7”, which conforms to 
the volumetric space of TITAN 3 manipulator. Table 2.1 presents the 
specifications of the TITAN 3 hydraulic system. 
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Table 2.1 – TBA Baseline Requirements 
  Metric English 
Maximum Reach 1915 mm 75.4 in 
Maximum payload at full 
extension 
113 kg 250 lbf 
Weight 102 kg 225 lbf 
Approximate C.G location 1000mm 39.37 in 
Maximum angular velocity – No 
load 
42 deg/sec (7rpm) 42 deg/sec (7rpm) 
Maximum angular velocity – Full 
load 
20 deg/sec (3 
rpm) 
20 deg/sec (3 rpm) 
Maximum angular velocity – Half 
load 
30 deg/sec (5 rpm) 30 deg/sec (5 rpm) 
 
Based on the simulation results obtained by Dr. Sewoong Kim and Renbin Zhou, 
it was determined that the maximum total torque that must be generated by the 
TBA system under the most extreme circumstances of full static and dynamic 
loading should be 3481.9 N-m. The power requirement, as estimated from the 
product of the torque and rotational velocity, was shown to be 1248.1 watts under 
full loading conditions and 1215.4 watts under half load. Thus the performance 
requirements for the TBA are⊥, 
9 The arm weighing 102kg, with the center of gravity at 1m from the 
rotational axis, having a maximum load of 113kg.  
9 The arm must be capable of accelerating from rest to a maximum 
rotational velocity of 7 rpm under no load conditions in 0.5sec and 
                                                 
⊥ Obtained from a Robotics Laboratory Internal Document 
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maintain this speed. Full load maximum velocity is 3.33 rpm and must be 
achieved in 0.5 sec also.  
9 A torque requirement of 3500 N-m will be used as the goal in the design 
process. 
9 The system must sustain at least 1250 watts across all speeds, loads and 
orientations. Based on the efficiency of the transmission system, a motor 
with a rated power of 2000 watts was suggested. 
9 A TBA with ratios of 3:1, 4:1 and 7:1 was recommended to achieve the 
above goals with a motor having a rated speed of 5000 rpm, a continuous 
stall torque of 4.74 N-m and a power of 2Kw. 
A gear reduction of 5-10:1 was assumed at the arm, which will be a part of the 
actual manipulator design itself. So a TBA with the above-specified ratios along 
with a final gear reduction of 20:1 was required to be built. With all the 
specifications established for the TBA design, the following sections will 
describe the conceptual design of the DVT system. 
 
2.2 Gear Trains 
A gear train is the arrangement of the individual gears viz., spur, helical, 
bevel etc., in a specific arrangement to transmit motion or power from one shaft 
to another. Table 2.2 shows the arrangement of gears in some of the most 
common gear trains. The configuration of the gear train used depends on the 
velocity ratio required and the relative position of the axes of the shafts. Some  
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Table 2.2 – Types of Gear Trains 
Gear Train Arrangement of Gears Description 
 
 
Simple 
Gear Train 
 Gear trains with just 
one gear mounted on 
each shaft. Used 
when the center 
distance between the 
gears is small. Idler 
gears are used if they 
operate at large 
center distances. 
 
 
Compound 
Gear Train 
  
 
Gear trains with more 
than one gear on each 
shaft. Used when the 
gear center distances 
are too large and also 
when large reductions 
are required in the 
order of 7:1 or higher. 
Driver Driven 
Driver Driven 
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Table 2.2 Continued 
 
Gear Train Arrangement of Gears Description 
 
 
 
 
 
 
 
Planetary 
Gear Train 
 
 
 
 
 
 
 
Gear trains with 
concentric 
arrangement of gears. 
Used when very high 
reductions are 
required within a 
limited amount of 
space. Also known as 
epicyclic gear trains. 
Used in most of the 
automobile 
transmission systems. 
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examples are Simple, Compound, Reverted and Planetary gear train.  
The type of gear train used for the TBA is the planetary arrangement of 
gears. A simple planetary gear train consists of three gears viz., the sun, planet 
and the ring gear. Figure 3 shows an exploded view of the planetary gear train 
arrangement. The sun and ring gears rotate about the same axis. The planets are 
assembled in the carrier, which also rotates about the same axis as the sun and 
ring gears. The planet gears mesh with both the sun and the ring gears and they, 
apart from rotating about their own axis also rotate about the axis of the sun gear. 
The number of planets used depends on the loading conditions and a greater 
number of planets are used to distribute the load among them. All the planets are 
equally spaced and a minimum of two planets is required for the gear train.  
Planetary gear trains are two degree of freedom systems. This means that 
it requires at least two inputs to get a determined output from the system. 
Typically the sun gear is the input and the carrier shaft provides the output. 
Fixing the ring gear provides the second input to the system. This kind of 
arrangement provides a speed reduction and a torque increase. In fixed reduction 
drives that provide only one reduction, the ring gear is built into the housing 
supporting the gear train. However there are several configurations in which the 
gears can be arranged and each of them provide a speed increase, decrease, a 
neutral or a direct drive depending on which member of the train is locked. For 
example a speed increase can be achieved when the sun gear is held stationary, 
the input being the planet carrier and the output being the ring gear. 
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 Figure 3 – Exploded View of a Single Planetary Gear Train 
The number of times a planet pinion rotates on its shaft while making one 
complete revolution around the sun gear depends on the ratio between the sun 
gear and the planet gear. When all the members are free to rotate, no power can 
be transmitted through the system, as it is under determined. This condition 
provides the transmission with a neutral position. In the case where any two 
members of the gear train are locked, the entire system is locked and both the 
input and output shaft rotate at the same speed providing a 1:1 gear ratio. 
Planetary gear trains offer several advantages over the other gear trains. 
They can offer a very large gear reduction in a very small space because of the 
concentric arrangement of the gears. Also, they offer several configurations with 
the same gears. These advantages make them extremely suitable for the 
transmission-based actuators. 
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2.3 Configuration for the DVT 
Selecting the configuration for the DVT was an important design 
decision. Recall that the TBA is required to spread the torque-speed 
characteristics of the motor to a wider output torque and speed range. To realize 
this, a three-speed transmission with three interconnected planetary gear trains 
was designed. Even with a two stage planetary gear train, the three speed ratios 
could be achieved (by using a clutching mechanism) but for the sake of 
simplicity of prototype, a three stage DVT was proposed. Gear shifting is made 
possible by stopping the ring gear, which acts as the second input to the train, the 
sun gear being the first input. Two configurations considered for the DVT were 
the carrier-carrier and the carrier-ring. Each of these configurations was 
examined in detail before a particular configuration was selected. 
Figure 4 is the schematic arrangement of the gears in the carrier-carrier 
configuration. In this type the carrier output of the first stage is connected with 
the carrier of the second stage. So, when the ring gear 1 is engaged, the carrier 1 
carries a determined output, which is fed to the carrier of the second stage and 
this acts as the second input to the second stage. The same is true with the second 
and the third stages and hence a determined output is obtained from the carrier 
shaft of the last stage. The speed of the carrier for any stage can be calculated 
from the following relation. 
RS
RRSS
C TT
TT
+
+= ωωω
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 Figure 4 – Carrier-Carrier Configuration 
N’s represent the speed of the respective member and T’s represent the number 
of teeth on each gear. Though this configuration was suitable for the system, the 
following were some of the complexities with this design. 
9 Interconnecting the carriers using suitable shaft couplings: With this 
approach the coupling between the carriers would be difficult to 
accomplish. Moreover it introduced complexities in the design of the 
carriers and housings. 
9 Supporting the carrier shafts in the housing with suitable bearings was 
another difficulty. This would make the assembly process very complex. 
9 With all the carriers connected, the support for the ring gear was to be 
made on the carrier shafts. This adds more loads on the carrier shafts and 
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again this increases the complexity of the assembly and the design of the 
housings. 
9 Two stages of the system would be “floating”. Hence compound 
reduction is not possible. 
Considering all the above factors, the carrier-carrier configuration was not 
recommended for the prototype of DVT.  
Figure 5 shows the schematic of the carrier-ring configuration. With this 
configuration the problems involved with the previous design are overcome to a 
great extent. The connection between the carrier and the ring is made with the 
help of involute splines. External splines on the carrier mesh with internal splines 
on the ring gear, thus functionally representing a single piece of shaft. Doing the 
carrier-ring assembly this way makes the assembly process simple. 
Now, a bearing can be used to support the carrier shaft to the housing, 
which also acts as the support to the ring gears. Snap rings are used to restrain the 
components in the axial direction. An exploded view of the carrier-ring assembly 
can be found in the Figure 6. The splines used are to SAE standards. A detailed 
discussion on the design of the splines can be found in the later chapters. The 
carrier shaft is to be made hollow and also sufficiently large, for the sun gear to 
pass through.  Because of the advantages of this design, a carrier-ring 
configuration was chosen for implementation in the DVT. The other issues like 
the design of the gears, carriers and splines is discussed in chapter 4.  
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 Figure 5 – Carrier-Ring Configuration 
 
Ring gear with 
internal splines 
Carrier with 
external splines
Figure 6 – Exploded View of a Carrier – Ring Configuration 
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2.4 Breaking Down the Design into Components 
In any engineering design project, it is often necessary to break down the 
design task into sub tasks that can be easier to manage. In the development of the 
individual components, it is important to focus on the overall system 
performance and functionality. From the overall design specifications, the 
requirements of each single piece in the system are identified and all the 
components are designed based on those requirements. In this way the overall 
system requirements are satisfied and the system thus built can be guaranteed to 
be a well-engineered product. The following is the component-wise breakdown 
of the discrete variable transmission system. The list below does not include the 
issues related to the control of the DVT system and interfacing the system with 
the host computer, as the scope of this work is limited to the mechanical design 
part of the project. 
9 Individual gears viz., the sun, planet and the ring gears should be 
designed to meet the ratio as well as the load requirements. It is desirable 
to keep the overall size of each individual planetary gear train the same. 
This would help in the manufacturing of the carriers and also make the 
housing design simpler. Care should be taken to design gears that can be 
manufactured with standard tools, so that the cost of manufacturing is 
reduced. 
9 From the configuration of the DVT, the sun gear was one of the two 
inputs to all the three planetary gear train. Hence, a single piece shaft with  
 20
the sun gears cut them should be designed. 
9 Planet carriers should be designed based on the gear data. Carrier output 
shafts are splined as discussed in the DVT configuration and hence 
involute splines have to be designed based on the load information. Also 
the carrier shaft should provide enough room for the sun gears to pass 
through. 
9 Ring gears should be designed with shafts having internal splines, which 
can mate with their external counter parts on the carriers.  
9 The DVT housing, because of the nature of the design, is a split housing 
connected together with suitable bolts. Accommodations to be made for 
the brake mechanism interface with the DVT.  
9 Suitable bearings have to be selected for the shafts designed.  
9 A brake mechanism is used in DVT for the gear shifting. Hence detailed 
design of this brake mechanism has to be addressed. This includes the 
design of the band brakes, brake linkages, a slider-crank mechanism to 
actuate the braking mechanism, suitable support structure for 
accommodating the slider and the brake motor and support structure for 
the motor shaft. Refer [12] for a detailed discussion on gear shifting 
mechanisms. 
For each of these components, a detailed manufacturing drawing has to be 
presented to the manufacturer. AutoDesk Inventor 6.0 was the modeling software 
used for this purpose. All parts to be manufactured can be modeled as a 3D part 
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in Inventor and a virtual assembly can be made which serves to verify the 
integrity of the parts. The drawing module in Inventor can be used to generate 
different drawing views. A detailed discussion of the CAD model representation 
of the DVT is made in chapter five. 
 
2.5 Summary 
This chapter presented a conceptual design for the Discrete Variable 
Transmission system. It addressed the baseline requirements derived from 
simulation results. The hardware for the DVT was discussed in detail. The 
concept of planetary gear trains and the working mechanism for such a gear train 
was presented. Several conditions of operation of these gear trains were 
discussed. Detailed discussion on the configuration for the DVT was made and a 
comparison of one design with the other was done. Design components were 
identified and laid out to aid in the detailed design process. 
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C h a p t e r  3  
Analysis of the DVT System 
 
 
This chapter describes a detailed study of the discrete variable 
transmission with respect to the equations governing the motion of the system. 
Speed equations based on the kinematics and a torque analysis of the DVT 
system, using Newton’s second law, is presented which describes the relation 
between the input, output and the brake torque. These final equations can be of 
interest to estimate the static and the dynamic brake torques that the braking 
mechanism has to generate in order to induce gear shifting. First a single stage 
planetary gear train is analyzed, which is then used for a three stage planetary 
gear set. In either case the friction between the gears is ignored and constant gear 
mesh conditions are assumed.  
 
3.1 Speed Equations 
Speed equations describe the kinematic relation between the different 
members of the system. Using this analysis, one can determine the speeds of 
every member of the gear train, given two inputs. It is worth noting that the sun, 
carrier and the ring gears rotate about the same axis and the planets rotate about 
their own axis, in addition to rotating about the axis of the sun gear.  
From the configuration of the DVT system, recall that the sun gear is one  
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of the inputs to every planetary gear train (a common sun shaft that is driven by 
the motor). The other input is provided by the brake mechanism, which brings 
the angular velocity of a ring gear to zero. These two inputs determine the motion 
of all the members of the gear train. The carrier of each stage is connected with 
the ring of the next, making them rotate at the same speed and direction. The 
purpose of the following work is to derive a relation between the angular velocity 
of the input and the angular velocity of the output for each of the three gears. 
These equations are useful in sizing of the gears i.e., they are used to find the 
relative sizes of the gears. They are also of interest for the torque analysis in the 
next section to determine the torque relations.  
The notations used in this study, 1,2 and 3 represent the planetary gear 
train of the respective stage. Equation 3.1 is the basic kinematic equation of a 
planetary gear train relating the carrier speed to the speeds of the sun and the ring 
gears. Given the speeds of the sun and the ring gears, one can determine the 
carrier speed. Refer to Figure 5 along with the discussion in this chapter. 
RS
RRSS
C TT
TT
+
+= ωωω  (3.1) 
 
First Gear: (Highest ratio 7:1) 
When the system is in the first gear, i.e. when the brake B1 is engaged, 
ωR3, the angular velocity of the third ring gear in the above equation is zero, and 
hence the output speed of the system is given by, 
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SS
C TT
T
+=
ωω  (3.2) 
In this gear a maximum speed reduction of 7:1 and corresponding torque 
amplification is achieved.  
 
Second Gear: (Ratio 4:1) 
In the second gear, the brake B2 is engaged and hence ωR2 is zero. Hence the 
output of the second stage is given by, 
22
22
2
RS
SS
C TT
T
+=
ωω  (3.3) 
Because of the carrier-ring configuration, the angular velocity of the third ring 
gear is also described by the above equation. Thus the final output from the 
system using (3.1) is given by, 
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



++=
ωω
ω  (3.4) 
This is the final carrier speed for the second gear, with a total speed reduction of 
4:1. 
Third Gear: (Ratio 3:1) 
In the third gear with the brake B3 engaged, ωR1 is brought down to zero 
resulting the first carrier output speed of, 
11
11
1
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C TT
T
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ωω  (3.5) 
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The equation above gives the angular velocity of the second carrier. The final 
output speed of the DVT system for the 3:1 gear ratio is given by the following 
equation. 
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It should be noted that all the sun gears are integral in a single shaft and hence, 
their angular velocities are always the same. (ωS1 = ωS2 = ωS3 = ωS). The speed 
of the planet gears with respect to the axis of the sun at any time is given by [13], 
P
PSCSS
P T
TTT )( +−= ωωω  (3.8) 
In a particular stage, if the ring gear is engaged, the carrier speed of the previous 
stage is also zero and hence the total speed of the planet will be purely with 
respect to its own axis and is given by the equation (3.9) by putting ωC in (3.8) as 
zero. 
P
SS
P T
Tωω =  (3.9) 
A Pro-Mechanica working model of the three stages DVT was developed 
which served to verify these analytical speed equations and the torque equations  
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described in the next section. A detailed discussion of the dynamic model in Pro-
Mechanica is presented in the chapter 5 of this thesis. 
 
3.2 Torque Equations 
The purpose of this analysis is to describe in detail the dynamics of the 
DVT system. The equations that are described here are all steady state equations, 
i.e., they apply when the system is at a particular gear. As described earlier, these 
following equations can be used to determine the braking torque needed for the 
system. A free body diagram of each individual component is presented and a 
relation between the inputs and output are established. These equations play a 
major role in sizing the motor, sizing the transmission and determination of the 
required static and dynamic braking torques⊥.   
A free body diagram representing the forces on the individual gears is 
shown in Figure 7. Three planets are used in the DVT system and hence the load 
is distributed evenly among them, provided the manufacturing errors are 
negligible. In addition to the forces and torques indicated on the figure, the sun, 
ring and the carrier have a reaction torque associated with them. Friction and 
viscous damping are some of the other components present that are beyond the 
scope of this analysis. Based on Figure 7, the following equations can be written 
for each member of a single planetary gear train using force and torque balance. 
 
                                                 
⊥ Acknowledgement to Kelley P. Brown, Dr. Sewoong Kim, Kalyana Ganti  
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Figure 7 – Free Body Diagram of a Single Planetary Gear Train 
 28
 τL 
FPC 
FPC 
FPC 
 
 
 
 
 
 
 
 
(c) Planet Carrier τB 
FPR 
FPR 
FPR 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 (d) Ring Gear 
 
Figure 7 Continued 
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Sun Gear 
RSSPS
S
SS rFdt
d
J τωτ ++= *3  (3.10) 
Planet Gear 
dt
dJFFr PPRPSPP
ω*)(* =−  (3.11) 
)(** PS
C
PCPRPSP rrdt
d
mFFF +=−+ ω  (3.12) 
Ring Gear 
RRTHPSBR
R
RPSPR rrrFdt
dJrrF τω ++++=+ ))*2((**))*2((*3  (3.13) 
Planet Carrier 
LRC
C
CPSPC dt
d
JrrF ττω ++=+ *)(*  (3.14) 
From the arrangement of the gears in a planetary gear train system we can 
deduce the following relations. 
 2         RPSCPS rrrrrr =+=+  (3.15) 
BTHPSBR rrrF τ=++ ))*2((*  (3.16) 
Substituting (3.15) and (3.16) in the equations (3.10) through (3.14), we obtain 
the following equations, which govern the dynamics of a single planetary gear 
system.  
RSSPS
S
SS rFdt
d
J τωτ ++= *3   (3.17) 
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 *)(*
dt
d
JFFr pprpspp
ω=−  (3.18) 
RRB
R
RRPR dt
dJrF ττω ++= *)(*3  (3.20)
  
RCL
C
CCPC dt
d
JrF ττω ++= *)(*  (3.21) 
The kinematic relations derived in the previous section are used in the above 
equations to solve for the torques in the system. The foregoing analysis is only 
for a single planetary gear system and suitable substitutions can be made to the 
final result to use it for a three stage planetary gear train. From (3.1), 
RS
RS
RRSS
C aaTT
TT ωωωωω 21 +=+
+=  (3.22) 
where, 
RS
S
TT
Ta +=1  and RS
R
TT
Ta +=2 . The planet speeds from (3.8) are 
P
PSCSS
P T
TTT )()*( +−= ωωω  
Substituting for the carrier speed from (3.1) and simplifying, 
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P
RPSSPSS
P bbT
TaTaTaTaT ωωωωω 212211 )()( +=−−+−−=              (3.23) 
where, 
P
PSS
T
TaTaT 11
1
−−=b  and 
P
PS
T
TaTa 22
2
−−=b  
From (3.19), 
)(** PS
C
PRPSPCP rrdt
d
mFFF +−+= ω  
 31
CRSPRPSPCP raamFFF *)(* 21
•• +−+=⇒ ωω   (3.24) 
Substituting (3.24) in (3.21), 
RCLRSCCRSPRPSPC aaJraamFFr ττωωωω +++=+−+
••••
)(*]*)(*[ 2121  
⇒  RCRSCLCRSPRPSPC aaJraamFFr τωωτωω +++++=+
••••
)(**)(*)( 21
2
21
   
)**()***(
)( 22
2
11
2
C
RC
C
L
R
C
CCP
S
C
CCP
RPSP rrr
aJarm
r
aJarmFF ττωω +++++=+⇒ ••  
 (3.25) 
From (3.18), 
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Solving equations (3.25) and (3.26) results in 
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Equations (3.28) and (3.29) represent the forces at the sun-planet mesh and the 
planet-ring mesh respectively in terms of the accelerations and the load torque.  It 
can be seen from these equations that when the acceleration in the gear train is 
zero, the force values are purely a function of applied load, neglecting the effects 
of friction. Substituting these equations back in (3.17), 
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Substituting (3.28) into (3.20) yields, 
 )*()(3 4321 RRRRRECLRSB Jrdddd τωττωωτ −−+++=
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Equations (3.29) and (3.30) represent the torques on the sun gear and the brake 
torque respectively. It should be noted that the brake torque that is represented by 
(3.30) is the holding torque that the brake system has to supply at any particular 
gear. The other kind of brake torque is the dynamic brake torque that is necessary 
to bring the ring gear to a zero angular velocity.  Rearranging (3.29) and (3.30), 
the final dynamic equations for a single stage planetary gear train can be given 
as, 
RCRCLRSS eeee τττωωτ ++++=
••
4321    (3.31) 
RRRCLRSB ffff τττωωτ −+++=
••
4321       (3.32) 
where, 
SS rcJe 11 3+=  
Srce 22 3=  
Srce 33 3=  
Srce 44 3=  
Rrdf 11 3=  
RR Jrdf −= 22 3  
Rrdf 33 3=  
Rrdf 44 3=  
These equations can be extended for a three stage planetary gear train with a 
carrier-ring configuration. For such a gear train, Figure 8 represents the internal  
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Figure 8 – Diagram of Internal Torques for a Three-Stage Planetary Gear Train 
 35
torques of the system. From Figure 8, the following relations can be established 
for each stage of the planetary gear train. 
Stage 1 
LL
RC
ττ
τ
=
=
1
1 0   
Stage 2 
12
3 0
RRL
RC
ττ
τ
=
=
 
Stage 3 
23
1
1
0
0
RRL
RR
RC
ττ
τ
τ
=
=
=
 
From the kinematics of the system, 
3221                RCRC ωωωω ==  
SSSS ωωωω === 321  
These relations can be substituted back in (3.29) and (3.30) to obtain the 
following equations for the input and braking torques in each of the three gears 
of the DVT. 
Gear 1 
S32131121111   τττωωτ ++++=
••
SLRSS eee                    (3.33) 
 3131121111 RRLRSB fff ττωωτ −++=
••
                      (3.34) 
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Gear 2 
   S313232222212 τττωωτ ++++=
••
SRRRSS eee     (3.35) 
 23232222212 RRRRRSB fff ττωωτ −++=
••
   (3.36) 
 
Gear 3 
   S212333323313 τττωωτ ++++=
••
SRRRSs eee     (3.37) 
2333323313 RRRSB fff τωωτ ++=
••
                 (3.38) 
 
With the help of the above equations, at any particular gear, the required amount 
of braking torque can be calculated. With one of the gears locked, the motion of 
every other member of the gear train is deterministic and one can determine the 
amount of dynamic braking torque that is needed to switch between the gears. 
The validity of these equations is verified using a Pro-Mechanica dynamic 
simulation model for a single and three stage planetary gear systems. These 
equations are also very helpful in sizing the motor and the gear train components, 
which will be discussed in detail in the following chapters.  
 
3.3 Summary 
This chapter examined the speed and torque equations governing the 
kinematics and dynamics of the DVT system, which will be useful for sizing the 
components of the system. The losses in the system viz., the friction, viscous 
damping etc., were not considered. All the equations presented here are for the 
steady state condition. 
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C h a p t e r  4  
Detailed Design of the DVT 
 
 
This chapter discusses the detailed design of the DVT system. Specific 
components that will be discussed here are the gears, carriers and splines, 
housing and the brake mechanism. The tolerances and fits corresponding to the 
components designed will be presented. Finite element analyses of the gears that 
are designed are discussed in the later chapters. 
 
4.1 Sizing of the Gears    
Having established the ratio requirements and the configuration for the 
DVT, the initial sizing of the gears is centered on meeting the speed ratios. An 
attempt was made to use commercially available planetary gear trains coupled to 
each other. Almost every planetary gear train that is available is a single stage 
reduction in which the ring gear is grounded to the housing. Moreover, for a 
commercially available gear train the housings and supports would have to be 
custom made. Because three individual commercially available planetary gear 
trains could not meet the overall ratio requirements of the DVT system and also 
because of the use of a brake band to stop the ring gear for the gearshift, a 
custom design was proposed. The kinematics that governs the system is used to 
determine the relative sizes of each gear for the three stages. This provides us 
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with enough information to chose a gear (in the case of standard gears) based on 
the torque and the power that the gear is required to handle. In case of a non 
standard gear, the tooth profile of the gear has to be modified to fit a non-
standard center distance and to avoid interference problems. These issues will be 
discussed in detail in the later sections. The focus of this section is on 
determining the relative gear sizes for the required speed ratios. 
As discussed in chapter 3, the kinematic equation that relates the speeds 
of the planetary gear train members is  
RS
RRSS
C TT
TT
+
+= ωωω     (4.1) 
Where, 
T’s represent the number of teeth on the sun and ring gears 
ω’s represent the angular velocities of the planet carrier, sun and the ring 
Recall that the DVT system will have the motor input to the sun gear and 
the brake mechanism input to the ring gear as the two inputs to the planetary gear 
train and the final carrier shaft as the output of the system (Refer to figure 5). 
Equation 4.1 is used to for the sizing of the gears. The following is the procedure 
that describes an example calculation that was made. 
Consider that the system is in the first gear i.e. 7:1 reduction. The speed 
of the ring gear of that stage is zero. Using equation 4.1, in this case, the ratio of 
the final carrier and sun speed is given by, 
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Rearranging the equation, it can be seen that TR = 6TS. Hence, for a speed 
reduction of 7:1, the number of teeth on the ring gear has to be six times the 
number of teeth on the sun. Once the size of the sun and the ring gears are 
established, the number of teeth on the planet is determined from, 
2
SR
P
TT
T
−=    (4.3) 
The number of teeth on one of the gears is set arbitrarily and the sizes of 
the other gears are determined from the above relations. The similar method is 
used to size the gears of the first and the second stages. In that case, the carrier 
speed of the one stage should be substituted for the ring gear speed of the next 
stage in equation 4.1. Using this procedure, the following were the approximate 
relative gear sizes. 
First stage: TR = 8TS 
Second stage: TR = 7TS 
Third stage: TR = 6TS 
Once the module (which is the ratio of the pitch diameter and the number 
of teeth) for the gears is selected, one can determine the pitch diameters of the 
gears, the addendum, dedendum, base diameter and other gear dimensions using 
standard relations available in gear handbooks [14]. If standard gears were to be 
employed for the design, the relative sizes of the gears and the carriers would be 
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different from each other, which would increase the manufacturing cost of the 
system. With this in mind, the center distance on all the carriers was made the 
same (1.375 inches). Hence the gear design was dependent on this value apart 
from meeting the ratio requirements. As a part of the specification of the design 
requirement, the overall size of the DVT system should be compatible with the 
volumetric space of the TITAN 3 manipulator. This imposed a size constraint on 
the pitch diameter of the ring gear to be 5”. Considering all the above factors, the 
gears were designed to the numbers specified in the appendix. Due 
acknowledgement is given to Mr. George Bowers whose expertise in gear and 
transmission system design played a vital role in sizing of the gears and detailing 
the system. Figure 9 shows a snap shot of the sun gear. 
It can be seen from the specifications of the gears that the gears are non-
standard. In the case of non-standard gears, the center distance between the two 
gears is not just the average of the pitch diameters. Non-standard gears are 
adopted in situations where the two gears are required to fit a predetermined 
center distance or in cases where there are problems of interference between the 
pinion and the gear tooth. Although the interference problems could be resolved 
by undercutting, which is removal of the interfering metal by the cutter when the 
teeth are generated, it leads to the weakening of the pinion tooth[15]. To avoid 
these problems, non-standard gears were introduced. (Refer appendix for more 
on non-standard gears.) The two common non-standard gear systems are the 
extended center distance system and the long and short addendum. There are  
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 Figure 9 – The Finished Input Shaft 
several systems of non-standard gearing and some of them require a special 
cutting tool, which often results in an increase in the manufacturing cost. The 
gears used in this system, even though non-standard, were within the capability 
of being manufactured by Ann Arbor Gear Technologies, the company to which 
the manufacturing was contracted. All the sun gear was made integral with the 
input shaft, which avoids the need for any shaft couplings. Because of this 
reason, the diameter of the input shaft was limited by the root diameter of the sun 
gears. Ring gears were designed with shafts having internal splines that could 
mate with their external counter parts on the carrier of the previous stage. An 
exception to this is the first ring gear, which has a smooth bore shaft.  
The material for the gears is SAE 4340 steel, which has a carbon content 
of approximately 0.4%. Given that the hardness of the gears depends more on the 
heat treatment than the composition, the gears blanks were heat treated 
(quenched and tempered) so that a hardness of 32-36 RC is obtained. Figure 
10[14] (pg 10-3) shows relative hardness levels for steel and iron gears. This was 
subsequently followed by the machining of the gears and cutting the gear teeth to 
the final dimensions. Finally the gears were nitrided, which is the process of case  
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Figure 10 – Relative Hardness Levels for Steel and Iron Gears 
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hardening alloy steel that depends on absorption of nitrogen into the steel. For 
nitriding the gears, the parts are heated in special containers (temperature of 
1050°F in this case) through which ammonia gas is passed. The nitrogen that 
splits from ammonia reacts with the steel and penetrates the surface of the gear 
forming nitrides. The advantages offered by the nitriding process are very high 
surface hardness, high fatigue strength and high resistance to abrasion. The 
regions of the gears that are not to be nitrided (e.g. the region on input shaft 
where the bearing interfaces) are masked with a copper plate or other suitable 
medium. A finite element model for the gear teeth was performed to ensure the 
strength of the gears designed. 
 
4.2 Design of Planet Carriers 
Planet carriers, in the present configuration, serve the purpose of 
transmitting the output torque of one stage to the ring gear of the next stage. 
They also accommodate the planet gears, which are in mesh with both the ring 
and the sun gears. Care must be taken to design the carrier shaft for the 
conditions of torque and the bending loads (due to any shaft misalignments).  The 
design configuration calls for the hollow carrier shaft for the first and second 
stages, which allows the sun gear shaft to pass through.  Another important 
design consideration was achieving the carrier-ring configuration. Although there 
were many possible ways in which the carrier could be coupled with the ring 
gear, involute splines were found suitable for the design. Involute splines are 
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stronger than straight-sided splines and are easier to cut and fit. They are 
available in standard pressure angles of 30° and 45°. Involute splines have 
certain advantages, which make them increasingly popular in transmission 
system applications. They are [16], 
9 Maximum strength at the base of the tooth. 
9 Accuracy of spacing and the equalizing of bearing stresses among the 
teeth. 
9 Elimination of the need for grinding due to the smooth cutting action of 
the gear hob. 
According to the SAE handbook, for carrying of any load or to obtain stability, 
there is seldom need to have a spline longer than its pitch diameter. A fillet root 
side fit was used for this design. The following sections discuss the detailed 
design procedure for one of the carriers. 
 
4.2.1 The Final Carrier 
As an example of the design procedure used for the carriers, the final 
carrier (the one used for the third set planetary gear train) is considered here. 
Figure 11 shows the 3D model of the final carrier of the DVT system. As 
mentioned earlier, involute splines are used for coupling the carrier with another 
transmission element, which in this case is the final reduction input shaft. Before 
a standard spline could be chosen from the catalog, one should have an estimate 
of the diameter of the shaft. To do this one has to examine the loading conditions 
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Figure 11 – DVT Carriers 
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to which the shaft is subjected. Since the carrier shaft is predominantly subjected 
to torsion, the following formulas were used to determine the diameter of the 
solid carrier shaft. Maximum shear stress theory and von mises theory were used 
to estimate the shaft. The shaft diameter according to these theories is given by, 
Maximum Shear Stress Theory 
3/1
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where, 
T is the torque carried by the shaft 
NFS is the factor of safety 
SYP is the yield point stress of the material. 
The input to the DVT viz., the sun gear is coupled with the motor that has a peak 
torque rating of 12N-m. With a 7:1 speed reduction, the carrier output shaft 
experiences a torque of 84N-m. The material of the carrier is 7075 Aluminum 
alloy with a yield stress of 542 Mpa (78.6 psi). A factor of safety value of 4 is 
used in the design calculations. Hence, using the maximum shear stress theory 
(equation 4.4), the diameter of the carrier shaft was estimated to be 0.7488 
inches. A conservative estimate of 1 inch was used, which also is a standard shaft 
diameter. This diameter forms the basis for the spline selection. Figure 12 shows 
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 Figure 12 – Final Carrier Dimensions 
the dimensions for the final carrier. In the case of first and second stage carriers, 
the carrier shaft is hollow, to allow for the sun gear shaft to pass through. The 
inner diameter of the hollow shaft was chosen to be 0.75 inches, which is greater 
than the major diameter of the final sun gear. The external diameter of the carrier 
shaft is determined using [18], 
3/1
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RD represents the ratio of the hollow shaft (ratio of the inner diameter to the outer 
diameter). All the other terms are same as that for the solid shaft discussed 
before. With the diameter of the output shaft determined, an external spline that 
has a minor diameter of approximately 1 inch was chosen from the SAE spline 
catalog[17]. The spline used in this design has a 30° pressure angle and a 20/40 
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spline pitch with a major diameter of 1.2 inches. Figure 13 shows a section from 
the catalog, indicating the spline selection. The length of the spline according to 
the SAE standards is calculated using[16], 
2
3
P
re
D
D
L =    (4.7) 
Dre refers to the minor diameter of the external spline and DP refers to the pitch 
diameter of the spline. The length of the spline was computed as 0.8325 inches, 
which was rounded to 1 inch. By choosing this spline length, the strength of the 
spline teeth in shear is the same as the shaft strength in shear. Because of the use 
of splines on the carrier shaft, the output shaft of the DVT is to be stepped up to 
be more than the major diameter of the external spline so as to support it by a 
bearing. Hence a diameter of 1.5 inches was used. A bearing selection was made 
based on this shaft diameter value. The bearing chosen was the 208K radial ball  
 
 
Figure 13 – Spline Selection 
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bearing having a bore diameter of 1.5748 inches. 
The other issue to be considered here is to restrain the carrier shaft to the 
bearing, which is restrained in the DVT housing. Retaining rings (snap rings) 
and shaft shoulders are used for this purpose. Retaining rings can be thought of 
as a spiral spring in tension that fits into a groove on the shaft. They can 
withstand very high axial loads. They have ears, which can be expanded or 
contracted during the assembly. They require special tools (pliers) for this 
operation. Generally they are made of hardened steel and can be purchased as a 
standard item from the manufacturer’s catalog. Figure 14 shows the two 
commonly used snap rings. The external snap rings are used on the shafts and the 
internal snap rings are used in the housings. The snap ring required is selected 
based on the shaft diameter and the bearings selected. Shaft shoulders on the 
other hand are built integral with the shaft. It is just a step-up in the diameter of 
the shaft. Care must be taken in designing the snap ring grooves on the shaft and 
the shaft shoulders, as these are potential regions of stress concentration on the 
shaft. This was taken into account during the design process and fillets were used  
                                                                   
Ears 
Figure 14 – Snap Rings 
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in the shaft where there was a change in the shaft cross section. The tolerance 
values on the shaft are determined based on the bearing selected and the snap 
ring that is used. This is discussed in the next section. 
 
4.2.2 Tolerances and Fits 
A tolerance is the total permissible variation in the size of a part. 
Unilateral and Bilateral tolerancing and Limit dimensioning are the commonly 
used tolerancing methods. Tolerances and fits play a vital role in the assembly of 
different components. It is not a random process and requires consideration on 
the design, production cost, and machines to be used. It is preferable to keep the 
tolerances numbers larger wherever possible, (without compromising 
performance) as tighter tolerance increases manufacturing costs. So care must be 
taken to account for these factors. 
Figure 15 shows a section of the catalog corresponding to the bearing 
 
 
Figure 15 – Shaft and Housing Shoulder Tolerances 
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that is chosen. Tolerance values for the carrier were determined from the 
Torrington Bearing Catalog[19]. The table represented in Figure 15 gives the 
radial tolerances of the shoulder diameter on the shaft and the housing. The same 
procedure is followed in determining the tolerance values for the width and depth 
of the snap ring grooves on the shafts. A section from the snap ring 
manufacturers catalog[20] is shown in Figure 16. As for the other tolerance 
values, e.g. the tolerance values of the shaft diameter and width where the 
bearing interfaces, the type of fit required is first obtained from the Torrington 
catalog. The application for which the bearing is used determines the type of fit. 
After the type of fit is obtained, the tolerance value corresponding to that fit is 
obtained. Refer to Figure 17. Using this chart, a bearing-shaft fit of k5 and a 
bearing-housing fit of H6 was chosen for the design. This results in an 
interference fit between the shaft and the bearing bore and a mean-loose fit 
between the bearing and housing. 
 
 
 
Figure 16 – Snap Ring Tolerance Values 
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Figure 17 – Ranges of Shaft and Housing Fits 
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Figure 17 Continued 
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It should be noted that all the tolerance values comply with the ABEC (American 
Bearing Engineers committee) 1 standard. Other ABEC standards are 3, 5, 7 and 
9 and as the standard number increases, the tolerance values become tighter. The 
tolerance numbers corresponding to the k5 and H6 fits is obtained from the 
Figure 18. Another design element as a part of the carrier design is the sizing of 
the pins on which the planets ride. Needle bearings are used to support the planet 
pinions on the carrier. Use of two carrier cheeks to support the pins gives a better 
support as opposed to the cantilevered pin. The material between the two carrier 
cheeks was made so that enough clearance is available for the planet gears. 
 
4.3 Bearing Selection 
Bearings of one type or the other are used to provide support to the 
rotating member of the machinery. All bearings are manufactured to standard  
 
 
Figure 18 – Shaft Tolerance Values Based on the Grade of Fit 
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sizes and must be fitted into the assembly just as the manufacturer supplies them. 
For the current design the required bearings were purchased from the Torrington 
Company and their bearing catalog[19] served as the guide for the selection of 
the right bearing. Bearings can be classified into many different types viz., ball 
bearings, roller bearings, taper roller bearings etc., depending upon the 
application and the loading conditions to which it is subjected.  
Single row deep groove ball bearing (Conrad type) is the most widely 
used bearing of the rolling types of bearing. Figure 19 shows a cross section of 
this type of bearing. The balls in this bearing roll in the grooves in both the inner 
and outer races. It is because of these grooves that this bearing is capable of 
holding axial as well as radial loads. It can support axial loads in either direction. 
Since the DVT is subjected to radial loads predominantly and very little thrust 
loads, this bearing is found suitable. These bearings can be a non-filling slot type 
(identified by suffix K in the catalog) or filling-slot type (identified by suffix W). 
The former has an uninterrupted raceway shoulders and hence capable of 
supporting radial, thrust or the combined loads whereas the later is limited in its  
 
Figure 19 – Single Row Deep Groove Ball Bearing 
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thrust load capacity. Both these bearings are capable of being mounted with or 
without the use of locknuts. Two bearings at the either ends of the DVT, one 
supporting the final carrier and the other supporting the first ring gear, are 
required to be sealed, which prevents foreign matter to enter the bearing area and 
also the lubricant from leaking out of the system. It should be noted that the 
intermediate bearings are well packaged within the system and so the lubrication 
of the bearings is provided by the oil circulating inside the housing, which is not 
the case with the bearing supporting the first ring gear. Therefore sealed bearings 
were preferred which have the lubricant packed within them.  
The shaft diameters on the stepped carrier shaft was set to be 1.5 inches 
as discussed in the carrier design and a radial ball bearing was selected based on 
this number. The bearings used in this design are the light series 208K for all the 
carrier shafts and 209K for the first ring gear. The input shaft is supported using 
a single bearing on the inside of the first ring gear, which acts as the housing for 
this bearing. Recall that the diameter of the input shaft is 1/2inch and hence an 
extra small series of bearings, SK5, was selected as the support for the input 
shaft. For the bearings selected, a simple life calculation was performed 
according to the guidelines specified in the Torrington catalog. A sample of such 
a calculation for the 208K bearing is shown below. The basic equation for life of 
a ball bearing in hours is given by, 
Hours16667
3
10 

=
P
C
N
L E  (4.8) 
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CE and P refers to the extended dynamic load rating of the ball bearing and the 
equivalent radial load on the bearing respectively. N refers to the operating speed 
in r.p.m. With a factor of safety of 1.2, the value of P is approximated to be 
720lbs. Considering the worst case operating conditions, an N value of 1600 is 
chosen. Using these numbers and the above formula, the approximate bearing life 
is 16000 hours. 
As for the tolerances, the tolerance grades established by the American 
Bearing Engineers Committee (ABEC) was used to determine the various values. 
The most commonly used standard is the ABEC 1 and this is used for the current 
design. Other grades available are 3,5,7 and 9. As the grade increases the 
tolerance value becomes smaller. The higher grades are normally used for super 
precision applications such as aircraft control, high precision instruments and 
machine tools. The shaft tolerance and housing tolerance determined based on 
these standards are described in the respective sections.  
 
4.4 DVT Housing 
The function of the housing assembly is to form a strong base for the 
bearings, which support the shafts and gears and to provide an environment 
where a lubricant can be used to lubricate and cool the various transmission 
components. The housing is also used to mount and support various other 
components such as accessories and parts common to the gearing. In most of the 
transmission systems, the lubricant is contained entirely within the housing. 
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Having selected the bearings and the configuration of the system, the next task 
ahead is to design the support structure. The design must be sufficiently rigid so 
that any external loads do not affect the operating position of the gears[21]. 
Housings can be either one piece or split housing. One-piece housings are 
always stronger and more rigid than split housings. However, in the case of the 
DVT, as is the case with any complex machinery, one-piece housing was 
impossible due to the assembly requirements. Hence it was decided to make the 
DVT housing unit as an axially split housing fastened together with steel bolts 
(1/4-20’s), eight at each interface. An effort was made to design the housings as 
small as possible. As a result, the input shaft was supported with a bearing that is 
supported inside the shaft of the first ring gear. This eliminated the need to have 
a separate housing for the input shaft bearing. Flanges on the housings are used 
to accommodate these bolts on either ends of each housing.  A 3D model of a 
section of the DVT housing along with the dimensions is shown in figure 20. The 
rectangular section cut out on the side of the housing provides the braking 
mechanism interface with the DVT. For strength considerations of the DVT 
housing, the material of the housing was chosen as aluminum alloy 7075, which 
is the strongest grade of aluminum. The defining dimensions on the housing were 
constrained by the carrier design and the bearings selected. Again, the bearing 
catalog[19] was used as the guide in determining the necessary tolerance values. 
This was discussed in the previous sections. For the purpose of mounting the 
housing on the test stand for the proto type evaluation, feet with mounting holes 
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Figure 20 – DVT Housing 3D Model and Dimensions 
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were designed for the first and last pieces of the housing. The housing contains 
the lubricant, which is the synthetic automatic transmission fluid. An exploded 
view of the DVT housing unit is provided in the appendix. 
 
4.5 Brake Mechanism Design 
A conceptual design of the brake mechanism along with comparison of 
different actuation mechanisms is discussed in [12]. The DVT brake mechanism 
operates as a slider crank mechanism in which the stroke line of the slider is 
offset from the axis of rotation of the crank. This provides a compact design and 
offers large force amplification. A DC motor coupled with a gear head serves as 
the actuator for the braking mechanism. 
Figure 21 shows the brake mechanism for DVT. As a part of detailing the 
brake mechanism, one has to establish the design requirements. In this case, the 
design is driven by the amount of motion the slider has to have for the band 
brake to fully stop the ring gear. This in turn depends upon the clearance between 
the band brake and the ring gear in the fully disengaged position and the motor 
that is selected for the design. Not to mention, the ultimate goal is to come up 
with a design that is compact. With this in mind, the overall size of the brake 
actuation mechanism was constrained to 3inches from the top of the DVT 
housing. The DC motor selection was based on the brake torque requirements (a 
value of 30N-m) and also the shifting time requirement. Based on these 
considerations, the major dimensions of the brake mechanism are as follows. 
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 Figure 21 – Conceptual Design of the Brake Mechanism 
These numbers were obtained from a dynamic simulation in Solid works by 
Renbin Zhou. 
9 Length of the crank – 0.7inches 
9 Length of the connecting rod – 0.7inches 
9 Length of the links – 0.6inches 
At the initial stages of the design, hime joints were proposed for the links. The 
advantage of using hime joints is that, they offer length adjustment, which is very 
good design flexibility. Moreover, they are available commercially in a variety of 
sizes. But due to the size constraints imposed on the brake mechanism, hime 
joints could not be used. E.g. the eyes on the band brake were to be made big and 
wide enough to accommodate the hime joints. Another design difficulty was 
designing the slider. Hence, it was required to custom design the links. The 
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material of the links is 4140 steel. The thickness on the link was limited by the 
width of the slot available on the band brakes where the links attach. With 
custom-made links, the design was made compact. Now, the motion of the slider 
is not limited by the location of the connection with the links. The detailed brake 
mechanism for the DVT is shown in Figure 22. The slider is supported in a L-
bracket that is mounted on the DVT housing with bolts. The L-bracket also acts 
as a support to the brake motor. The L-bracket is made of Aluminum alloy 6061. 
Figure 23 shows the isometric view of the L-Bracket and the brake mechanism 
along with the band brake and the ring gear. Two webs of ¼ inch thick were 
made on either sides of the bracket to offer a better support for the bracket 
against flexure. All the links are connected together with pins made of cold rolled 
steel. These pins are restrained axially using suitable retaining rings.  
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Figure 22 – DVT Brake Mechanism 
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Figure 23 – L-Bracket and the Complete Brake Mechanism  
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Of the various brake mechanism components, the link that connects the 
slider to the band brake is 1/8-inch thick and hence it was decided to perform a 
finite element analysis of this link, to make sure it can withstand the loading that 
will be experienced. The vertical pulling force is around 400lbs and this value of 
loading is used in the analysis. Pro-Mechanica was used to do the finite element 
analysis. The yield stress of the material of the link is 60495psi. The Finite 
element model predicted a maximum von-mises stress value of approximately 
14,000psi, which is well below the yield point. The loading and the constraints 
that were imposed on the part for the FE model is shown in Figure 24. The von 
mises stress contour for the link is shown in Figure 25.  
A static test of the brake mechanism was performed before assembling it 
on to the DVT system to measure the amount of torque that can be held by the 
brake mechanism. Refer [12] for details on the static brake test. One 
manufacturing issue related with the band brake is the inability to control the 
distance between the eyes on the brake band and the center of the band. This 
resulted in the eyes of the band hitting the bottom of the L-bracket and hence the  
 
Figure 24 – Band Link Finite Element Model 
 65
  
 
 
 
Figure 25 – Stress Results for the Band Link 
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band could not achieve the desired wrap angle to stop the ring gear. To solve this 
problem, an aluminum spacer of ¼ inch thick was designed to fit in between the 
L-bracket and the DVT housing.  
 
4.6 Summary 
This chapter described the detail design process of the DVT components. 
Finite element analysis results for the band brake links were presented. Detailed 
design drawings for the components were developed. The chapter ahead 
discusses a finite element modeling of the gear tooth, to ensure proper design. 
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C h a p t e r  5  
Virtual Model of the DVT in Pro/Engineer 
 
 
This chapter is aimed at developing a virtual model of the discrete 
variable transmission in Pro/Engineer software. The goal is to determine the 
stresses in the gears in order to determine how much the gears could be 
downsized to reduce the weight of the DVT. This involves two phases. The first 
phase is to build a dynamic model of the three-stage DVT using the Pro-
Mechanica motion. The second phase is the stress analysis of the gear teeth using 
Pro-Mechanica structure. The model built using Pro-Mechanica motion can be 
used to provide useful information about the forces at the point of contact 
between the gear teeth. These forces can be used in the finite element analysis of 
the gears, the results of which can be used as a starting point for the optimization 
study. The highest gear ratio of the DVT is considered for this analysis, as it 
transmits the highest loads. 
 
5.1 Introduction 
In the recent years, there has been a great interest in computer based 
modeling of mechanical systems. With the enhancement of technology, 
Computer Aided Design (CAD), Computer Aided manufacturing (CAM) and 
Computer Aided Engineering (CAE) can be found in almost all industries 
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involved in design and manufacturing. Computers are capable of performing 
mass computations very quickly and efficiently. Due to the advances in CAD, it 
is now possible to realize designs, which were previously only imagined. 
CAD software has revolutionized the mechanical design process. Almost 
anything and everything that we see in the real world is built digitally with the 
click of the mouse. A fast-paced design environment requires frequent changes in 
the design and accurate representation, which is provided by CAD software. The 
parts developed using CAD software can be used to get model information like 
mass properties, coordinate geometry, volume etc., from the model database. 
Models developed in CAD packages can be exchanged over the internet and so 
engineers can exchange their design ideas more effectively and easily.  
Parametric modeling is another powerful capability of most of most CAD 
software. This allows the designer to specify design parameters and their relation 
with the other model dimensions. As a result, part modifications can retain the 
original design intent, with all part dimensions updating automatically with any 
dimensional change. 
Three-dimensional CAD software offers certain advantages over two-
dimensional modeling. Apart from providing a good visual representation of the 
parts, parts modeled in 3D can be assembled in the software itself and any errors 
in the design or interference with the other parts can be identified. Creating 
drawings in 3D allows the different drawing views to be generated automatically 
from the 3D model of the part. Any changes to the part are reflected in the 
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drawing, thus making the revision of the drawings much easier. This helps saving 
the labor cost and time associated with these tasks. Complex mechanisms 
involving large numbers of components and connections can be modeled and the 
motion of the system can be simulated using specialized software. Moreover the 
3D models can be used for rapid prototyping and tooling and to perform finite 
element analysis to enhance the design. In the marketing illustrations for sales 
brochures and instructional bulletins, digital mock-ups of three models are used. 
These advantages of the CAD systems make them extremely suitable for 
industrial and research environments. 
Some of the most common CAD packages are Pro/Engineer, AutoDesk 
Inventor, Solid Works, Unigraphics, Catia and AutoCAD. Each of these 
packages is suited for a variety of applications. For the dynamic analysis of the 
DVT system, which involves applying the loads and drivers, Pro/Engineer is 
used. The advantage of using Pro/Engineer is that it has both CAD and CAE 
tools that support a wide range of analysis capabilities including dynamic 
analysis, which is available in very few other software packages. 
 
5.2 CAD Model Representation of DVT Components 
CAD model representation of the DVT is the process of modeling the 
DVT components and assembling them together with the help of suitable 
constraints that specify the motion of the component in the actual system. An 
example is a four bar linkage in which the different links are connected to each 
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other with pin (revolute) joints. Pro/Engineer assembly is driven by the purpose 
of the assembly. If the assembly has to be used for a motion analysis or an 
optimization study, then care must be taken to build the assembly in such a way 
that it can be run with the specified loads and constraints. On the other hand, if 
the assembly is to be used for the purpose of checking the design or for the final 
component visualization, the different components can be packaged with respect 
to the other. In the process of building the prototype of the DVT, AutoDesk 
Inventor 6.0 was used for the 3D modeling and to generate the drawing blue 
prints. A detailed list of the components along with their drawings can be found 
in the appendix. Since AutoDesk Inventor is purely a 3D modeling package that 
does not support any sort of analysis capabilities, Pro/Engineer was used to 
perform this task.  
The initial motive of this work was to develop the Pro/Engineer model 
with the actual gears rather than representing them using cylindrical surfaces. 
The advantage of doing this would be to have the motion analysis directly import 
the loads to the structural model. This could be accomplished in Pro-Mechanica 
motion using a contact analysis. Since the model here deals with three sets of 
planetary gear trains, the number of contact surfaces is too high for a current 
desktop computer. Hence the alternative to this, the representation of the gears by 
the pitch surface, was chosen. Each gear is represented by its pitch circle 
diameter, which is the diameter at which the gear teeth come in contact with each 
other. As discussed before, in the case of the DVT, because of the use of non- 
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standard gears, the pitch circle diameters of the gears do not come in contact. 
Instead each pair of gear has its operating center distance and operating pressure 
angle, which can be calculated using the relations below. In the case of external 
spur or helical gears the operating pitch diameters are,  
1
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And for internal spur and helical gears, 
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The other gear train components viz., splines, bearings are not modeled for this 
analysis. The primary focus will be on doing the stress analysis for the gears.  
The Pro/Engineer assembly of the DVT is shown in Figure 26. At this 
point building the gear train components is merely couple of extrusions. One 
important point to be noted is the coordinate system and the orientation of the 
components with respect to the world coordinate system. All rotational elements 
of the gear train should have their z-axis in the same direction. Else the rotational 
inertia may not be incorporated correctly in the analysis. Since the sun gear and 
the planet carrier have a common rotational axis, a datum axis was created in the  
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Figure 26 – Pro-Engineer Model of the Three-Stage DVT 
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Pro/Engineer assembly and all the components were constrained to be pin jointed 
with respect to this common axis. If the housings are modeled, the centerline of 
the housing can be used to constrain the components.  Another issue to be 
addressed in the assembly is the redundancy of constraints. An over-constrained 
system cannot be used for the motion analysis and care must be taken to avoid 
this situation. For example, in the DVT system, the carrier-ring configuration 
caused the problem of constraint redundancy and this was overcome by making a 
carrier-ring sub-assembly.  
 
5.3 Pro-Mechanica Motion Analysis 
Having assembled the DVT system, Pro-Mechanica can be invoked to 
perform the motion analysis. The purpose of the motion analysis is to develop a 
model of the DVT so that it can be used to study the dynamics of the system. For 
the current model, only the steady state was examined. Primary data that was 
obtained from the analysis was the gear pair contact forces in the first gear. Apart 
from this, the model served to verify the analytical model described in chapter 3. 
This model can be used as the basis for modeling the gear shifting, which can be 
done by creating a feedback loop between the input and the output and make the 
gear shift dependent on the load. The appropriate material properties are assigned 
to each component and gear properties, such as the pressure angle and the type of 
gear, are assigned to the gear surfaces. The built-in gear properties in Pro-
Mechanica allow the designer to choose from a wide variety of gears. Pro-
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Mechanica treats the components of a mechanism as separate “bodies”. It is a 
good design practice to group components that do not move relative to each 
other, which saves the analysis time. These steps were initially done to make sure 
that there were no modeling errors.  
The type of dynamic model that is built here is an inverse dynamic model. 
In an inverse dynamic model, a kinematic driver dictates the motion of the 
model. Loads are then applied to the model, which could be a fixed or variable 
torque or force. As the mechanism runs through its motion, Pro-Mechanica 
calculates the amount of torque that the driver must supply in order for the 
prescribed motion to take place. This kind of an analysis plays a vital role in the 
conceptual design stage of a project, where it can be used to size the driver and 
the different components in the mechanism.  
Pro-Mechanica has built in position, velocity and acceleration drivers but 
none of these provide the capability of control the torque input to the system. It 
could be possible to build a custom load that takes care of the torque-speed 
characteristics of the motor. In that case a feedback loop must be used so that the 
driver supplies the required torque input based on the output. This could be done 
by using C or FORTRAN programming routines. Since the data for the stress 
analysis can be obtained from an inverse dynamic model, the former approach 
was not implemented. However to study the behavior of the system in the 
transient state, for example when there is a gear change, this approach could be 
used. 
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5.3.1 Single-stage Planetary Gear Train 
To validate the results of the Pro-Mechanica analysis, a single stage 
planetary gear train is considered. Input to the system is the sun gear, which is 
driven with a constant acceleration of 20rad/sec2 (final speed of 200rad/sec). No 
load is applied to the system. The DVT is held in a particular gear by holding the 
ring gear, which is done in Pro-Mechanica by applying a “zero-position driver”. 
The analytical results are shown below and the graphical results from Pro-
Mechanica are shown in Figure 27. It can be seen that the results well agree each 
other.  
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(a) – Force at the Sun-Planet Mesh 
 
(b) – Force at the Planet-Ring Mesh 
Figure 27 – Pro-Mechanica Results for a Single Planetary Gear Train 
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 (c) – Input Torque 
 
(d) – Brake Torque 
Figure 27 Continued 
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 5.3.2 Three-stage Planetary Gear Train 
With the Pro-Mechanica results verified for a single stage planetary gear 
train, it is reasonable to extend it to the three-stage DVT. Each gear ratio is 
obtained by holding the ring gear of the corresponding stage. Again it should be 
noted that this is a steady state analysis of the system. The gear shifting and other 
non-linearities such as backlash, friction etc., associated with the system are 
ignored. Results that will be obtained from the model are the brake holding 
torques for each gear, the gear teeth contact forces and the motor torque profile. 
Since the system does not include a final reduction of 200:1, the load that 
will be applied to the DVT output will be a scaled value of the actual shoulder 
joint torque. Referring to Figure 28, the following formula is used to calculate the 
joint torque of the manipulator arm. This torque will be applied at the output of 
the DVT system in the Pro-Mechanica model. The arm is assumed to move from 
θθ sin..)
2
1()
3
1( 2 glMaMplMaMpT +++= ••  (5.5) 
a zero degree position (which is the straight down position) to a 180-degree  
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 Figure 28 – Arm Configuration for Prototype Evaluation 
position (the straight up position), which is the pitch up maneuver. It can be seen 
from the above equation that the joint torque will be a maximum at the point 
where θ =90 degrees. At this position the arm moves with a constant velocity and 
the acceleration is zero. Therefore, 
glMaMpT .)
2
1( +=  (5.6) 
The numbers indicated in the above figure are obtained from the baseline 
requirements⊥. Two cases are considered here.  
Case 1 
For this case, the joint torque is calculated for a no payload condition. As can be 
seen from the above equations, the joint torque is a function of the arm position 
and arm acceleration. An acceleration of 1.466 rad/sec2 (obtained from the 
baseline requirements) will be used here. The arm is assumed to move 
continuously from a zero degree position to 180 degrees. The profiles are shown 
in Figure 29 (a). 
                                                 
⊥ Robotics Laboratory Internal Document 
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(a) Case 1 
Figure 29 – Position, Velocity and Acceleration Profiles 
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(b) Case 2 
Figure 29 Continued 
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Case 2 
Here the payload is considered at the end of the arm and the acceleration value of 
the arm is 0.733 rad/sec2. The inertial properties of the arm and the payload 
weight are indicated in the Figure 28. The following is the formula that was used 
to calculate the position values for the two cases. Figure 29 (b) gives the position, 
2..
2
1. tto αθθ +=  (5.7) 
velocity, and torque profiles with respect to time this case. 
The torque profiles shown in the above figures are scaled down by a value of 200 
(because a final reduction of 200:1 is not considered here) and used as the load 
torque for the Pro-Mechanica model, which is the input to the model. The model 
can be queried for the input (sun gear) torque, brake torque and the gear teeth 
forces. The results of the model are shown in Figure 30. 
 
5.4 Gear Tooth Stress Analysis 
When designing gears, as is the case with any component, the designer 
has to make sure that the gears can handle the loads to which it will be subjected 
to without any interruption or degradation for a determined period of time. Gear 
tooth stress analysis is an important part of the design process. Therefore this 
section is devoted to the process of verifying the strength of the DVT gear tooth 
using finite element results from Pro-Mechanica. Before this, the common modes 
of failures for the gear tooth are examined. This would help the designer to better 
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(a) Gear Teeth Contact Forces (Sun-Planet Mesh in N) 
 
     
         (b) Motor Torque (N-m)                                (c) Brake Torque (N-m) 
 
Figure 30 – Pro-Mechanica Results for a Three-Stage Planetary 
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examine the results from the software package. 
 
5.4.1 Gear Tooth Failure Modes 
This section describes the most common failure modes for the gear tooth. 
Gear tooth failures can be categorized into different classes viz., wear, scoring, 
interference, surface fatigue and fracture. Wear of the tooth occurs when the oil 
film between the two gear teeth is not sufficient to prevent the surface-to-surface 
contact. Wear of the tooth is affected by many factors such as the thickness of the 
lubricant film, relative surface roughness of the tooth flanks and the amount of 
contamination of the lubricant. Gear failure due to interference occurs when the 
tip of one gear contacts mate below the point at which the involute exists. The 
reasons for interference may be tight center distances and manufacturing errors. 
Due to the nature of operation of the gears, the gear tooth surfaces are subjected 
to the repeated application and removal of the load. This causes fatigue. When 
the resulting fatigue exceeds the fatigue capacity of the material, the gears fail. 
The modes of failures associated with surface fatigue are various degrees of 
pitting and spalling.  All these failures occur over a period of time and there is a 
significant time between the failure initiation and complete loss of the gear. But 
gear fracture is more of an instantaneous mode of failure. The result is reduced 
efficiency of the power transmitted. Bending fatigue is a type of failure that 
originates in the fillet area of the tooth at the critical section near the tangency 
point between the involute profile and the fillet. This type of failure is a result of 
 86
stresses caused due to the loading that is above the level of allowable stress. 
Other types of gear failures could be process related. This might be in the form of 
errors in manufacturing, or improper heat treatment process that result in residual 
stresses. 
 
5.4.2 Finite Element Modeling of the Gear Teeth 
The motion analysis of the DVT system in Pro-Mechanica was used to 
determine the force between the gear teeth at the point of contact. This force is 
now used to predict the stress distribution along the tooth profile and the tooth 
deflection. The analysis is performed on the gear tooth of the final stage 
planetary gear train, as this provides the highest torque amplification. Results of 
the stress analysis can be very useful to show by what degree the system is over 
designed and also estimate possible weight reduction. For a non-standard gear 
tooth, the stress values can be used to determine the fillet radius that will result in 
lower stress concentrations. 
Figure 31 shows the Pro-Mechanica model of a spur gear tooth along 
with the loads and constraints. The load was applied over the entire involute 
profile. This should not significantly affect the final result of the analysis because 
this load is at a substantial distance away from the location of peak stress and 
hence the local effects of the load will be negligible. The tooth was modeled to 
the extent that the constraints on the model do not influence the stress results. It 
should also be noted here that a contact ratio (which is the number of teeth in 
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 Figure 31 – Loads and Constraints on a Single Spur Gear Tooth 
contact at each mesh) of 1 is assumed. This means that one gear tooth at each 
interface takes the entire load. In the actual case the contact ratio is more than 1. 
So the worst-case loading conditions are assumed. A plane stress model is used 
in this case with a shell thickness of 0.5 inches, which is the face width of the 
gears. The stress contour that was obtained from the software is shown in Figure 
32. The stress plot shown here is the Von Mises stress, which is the most 
conservative estimate of the result. As expected the maximum stresses were 
found along the two fillets, which are the regions of compressive and tensile 
stresses. From the stress numbers, it can be seen that the maximum stress 
(23.03Mpa) in the results are well below the yield point (472.3Mpa) of the 
material of the gear. The sun, planet and the ring gears have different tooth  
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 (a) Stress Plot for the Sun Gear  
 
 
(b) Stress Plot for the Planet Gear  
 
Figure 32 – Gear Teeth Stress Results 
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geometries. Hence, the same analysis was performed on the planet gear tooth and 
the corresponding stress plots are shown in Figure 32. The tooth profile of the 
ring gear tooth could not be modeled precisely in Pro-Engineer. The stress results 
of the planet and sun gear teeth can be used to state that the stresses on the ring 
gears will well be within the safe limits. 
 
5.5 Summary 
This chapter developed a Pro-Mechanica model of the DVT system. The 
model was used to get gear teeth contact forces for a loading case and these 
forces were used to perform a finite element stress analysis of the gear teeth. 
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C h a p t e r  6  
Conclusions and Future Research 
 
 
6.1 Conclusions 
Till this point of the report, the design process of the DVT was discussed. 
As mentioned earlier, the manufacturing of the DVT was contracted to Ann 
Arbor Gear Technologies. Since the DVT is an assembly of nearly 100 
components, the tolerances to be maintained are very high. This manufacturer is 
well known for their gear manufacturing capabilities in the automotive industry. 
Detailed design drawings, made using AutoDesk Inventor 6.0, for all the 
components were provided for manufacturing. The manufacturing took around 3-
4 months and a three-member team, comprising Dr. Bill Hamel, the author and 
Kelley P. Brown, from UT went to the manufacturers facility to assemble the 
transmission system. The individual components and the total assembly of the 
DVT system are shown in the Figure 33.  The brake mechanism was simple 
enough to be fabricated in the machine shop at University of Tennessee, 
Knoxville.  
Initial test⊥ plan for the DVT system was to build a mock up arm that 
matches the inertia properties indicated in figure. This involved designing the 
final reduction of a 200:1.  
                                                 
⊥ The DVT test and controls was performed by Dr. Sewoong Kim and Renbin Zhou 
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Figure 33 – DVT Components and Assembly 
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Considering the safety as well as time issues with building the arm, the focus was 
diverted towards testing the functionality of the DVT using a dynamometer that 
could emulate the loading characteristics of the robotic arm. The dynamometer 
that was used for the test is an eddy current, water-cooled absorption 
dynamometer. The dynamometer generated the desired torque profile, based on 
the input voltage applied to it. Figure 34 shows the test set up. The results of the 
test were encouraging. The transmission system built was able to handle the 
loading conditions and the gears were able to shift with out any mechanical 
failure of components. Figure 35 shows a sample test result to show the operation 
of the DVT system.  The graph shown in the figure shows the gear shifting. This 
was a result generated by applying the full load, (arm payload and inertia) to the 
DVT.  
 
Figure 34 – DVT Test Setup 
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Figure 35 – DVT Sample Test Result 
6.2 Future Work 
The use of a three-speed transmission system along with a DC motor is 
feasible for robotic actuator applications involving heavy payload. The different 
tests conducted, verify this idea. Hence future research should be focused 
towards designing a more compact DVT, which comes to optimization of the 
present design. For DVT to be implemented commercially, it has to satisfy the 
size and weight limitations. The overall envelope of the DVT is determined by 
the cross sectional dimensions of the housing, which in turn depends on the gear 
sizes, bearings and the gear shifting mechanism used. The components of the 
band brake mechanism increase the DVT envelope by a great extent. Hence 
research should be focused in this area.  When looking at optimizing the system, 
the first possibility to look at is the DVT configuration. A two stage DVT can 
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reduce the overall length to a great extent. The design configurations are limited 
if we look at achieving three different speed ratios from two planetary gear sets. 
Use of clutches becomes necessary with this kind of configuration. This might 
introduce some design complexities. A possible configuration with two planetary 
gear trains is shown in Figure 36. This design is mostly the same as the current 
design, except for a clutch mechanism that must be used to change the power 
flow from one stage to the other. In this case, the clutch mechanism should be 
able to shift the power flow from the carrier-ring and carrier-carrier. With the 
same gears as the present design, the reductions possible for the new design are 
shown in the appendix. The carriers of the system need some modifications and 
so do the ring gears. 
With the three-stage DVT, one can look at possibilities of optimizing the 
ratios, using a different motor that has a lower speed and having a reasonable  
Brake 2 Brake 1 
 
 
 
 
 
 
Change in 
Power  
 
Figure 36 – Two-Stage DVT 
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power output. Stress analysis results on the sun and planet gear teeth show that a 
face width of 0.25 inches can be used for the gears. This can further reduce the 
length of the input shaft and also the distance between two stages of the gear 
train. Hence, the length of the DVT could be reduced to some extent along with 
some weight reductions. Different options for the brake mechanism were 
discussed in [12]. Using that information and the test results one can look at an 
alternate mechanism that can generate the required brake torque. 
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Gear data for the DVT gears 
Sun Gear – 1 
 
 101
Planet Gear – 1  
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Ring Gear – 1 
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Sun Gear – 2 
 
 
 104
Planet Gear – 2 
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Ring Gear – 2 
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Non-Standard Gears 
Non-standard gears are used in the DVT to fit a predetermined center 
distance value and to obtain the ratios required, as mentioned before. With a non-
standard gear, the standard tooth proportions are not satisfied. In other words, the 
meshing gears do not have same addendum, dedendum or tooth thickness. Also 
the center distance is not the average of the pitch diameters. Let us consider the 
following table to show the DVT gears are non-standard. As an example, sun and 
planet gears of the first and second stage planetary are considered. It can be seen 
that the tooth proportions do not agree with the AGMA standards. The diametral 
pitch (P) in the current design is 25.4. 
 
Table A1 – Comparison between Standard and Non-standard gears 
Current Design Symbol Definition AGMA 
Standard Sun 
Gear  - 1 
Planet 
Gear - 1 
φ Pressure Angle 20° 20° 20° 
a Addendum 1.000/P 0.102 0.079 
b Dedendum 1.250/P 0.072 0.088 
t Tooth 
Thickness 
Π/2P 0.0703 0.0643 
N’P Min. number of 
teeth 
Pinion 
Gear 
 
 
 
 
 
16 
 
 
53 18
36 
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Exploded view of the DVT Housing 
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Exploded view of the Carrier Assembly 
 
 
 
 
Washer 
Snap Ring 
Radial Ball 
Bearing 
Planet Carrier 
Planet Pinion 
Needle Bearing 
Planet Gear
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Exploded view of the Ring Gear assembly 
 
 
 
 
 
Ring gear - 1 
External snap 
ring for the 
bearing 
Bearing for the 
ring gear shaft 
Internal snap ring 
for the input shaft 
bearing 
Bearing for the input 
shaft 
Band brake 
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Detailed Drawings Of DVT Components 
1. Input Shaft with the Sun Gears Sun_InputShaft.pdf  
2. Planet Gear –1 MDPlanet1_2.pdf 
3. Planet Gear – 2 MDPlanet3.pdf 
4. Ring Gear –1 MDRing1.pdf 
5. Ring Gear – 2 MDRing2.pdf 
6. Ring Gear – 3 MDRing3.pdf 
7. Carriers – 1&2 MDCarrier1-2.pdf 
8. Carrier – 3 MDCarrier3.pdf 
9. Housing 1 House1.pdf 
10. Housing 2 House2.pdf 
11. Housing 3 House3.pdf 
12. Housing 4 House4.pdf 
13. Planet Pins Carrierpin.pdf 
14. Band Brake Bandbrake.pdf 
15. Link connecting band brake and yoke BandtoYokeLink.pdf 
16. Yoke Piece New_Yoke1.pdf 
17. Link connecting yoke and crank New_link4.pdf 
18. Crank Crank.pdf 
19. L-Bracket New_Bracketcv.pdf 
20. Spacer Spacer.pdf 
21. Yoke Pins Yoke_Pins.pdf 
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22. Band Pins Brake_Pin.pdf 
23. Crank Pin Crank_Pin.pdf 
24. Final DVT 3D model 3DFinalDVT.pdf 
25. Cross Section of the DVT FinalDVT.pdf 
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Ratio Calculations For A Two-Stage DVT 
For the two-stage DVT let us consider the same gears that are used in the 
current design and estimate the amount of reductions possible. Refer to Figure 36 
along with this discussion. The gear data is: 
First stage planetary 
Number of sun gear teeth – 20 
Number of planet gear teeth – 50 
Number of ring gear teeth – 121 
Second stage planetary 
Number of sun gear teeth – 16 
Number of planet gear teeth – 53 
Number of ring gear teeth – 122 
Gear 1 
Brake B1 is engaged. The configuration is carrier-ring. For an input speed of 
5000rpm, the carrier output speed is given by equation 3.1. Hence the output 
speed is 579.71rpm, which is reduction of around 9:1. 
Gear 2 
Brake B2 is engaged and the clutch mechanism diverts the power flow so that the 
configuration becomes a carrier-carrier. Hence the carrier speeds are the same. A 
gear reduction takes place in the first stage, which is the output speed of 
709.219rpm. This gives a reduction in the order of 7:1. 
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Gear 3 
Brake B2 is engaged and the configuration is carrier-ring. Again, for an input 
speed of 5000rpm, the final carrier output is calculated as 1206.7rpm. This gives 
a reduction of approximately 4:1. 
 
So this configuration gives an output speed range of 4 – 9 rpm in two 
stages, which is really encouraging. The output speeds of this system are lesser 
than that of the current design, which also reduces the weight of the final 
reduction. This system combined with a reduction of 150:1 can provide arm 
speeds in the range of 4 – 8rpm. Control issues related with the gear shifting in 
this configuration are important things to look at.  
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